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ABSTRACT: Fixed point theory provides a fundamental analytical framework for establishing the
existence, uniqueness, and approximation of solutions to nonlinear problems. However, the classical
Banach contraction principle can be restrictive when a nonlinear mapping's behavior cannot be
characterized solely by a global Lipschitz condition. This study develops a generalized max-type
contractive framework on a complete metric space, where the contraction condition incorporates direct,
displacement, and cross-distance terms. The main theorem shows that a self-mapping satisfying the
proposed condition has a unique fixed point and that the corresponding Picard sequence converges to
it from any initial value. The proof relies on geometric control of successive iterates, the Cauchy
property of the Picard sequence, the completeness of the underlying space, and a uniqueness argument
derived from the generalized contractive inequality. The paper illustrates the result's applicability
through four mathematical cases: a nonlinear algebraic equation, a nonlinear discrete dynamical
system, a Volterra-type integral equation on a space of continuous functions, and a b-metric example
involving a nonstandard distance. Numerical Picard iterations and operator estimates further
demonstrate the constructive character of the fixed-point approach. The results show that max-type
contractive formulations provide a flexible framework for establishing fixed-point existence,
uniqueness, and iterative convergence in nonlinear analysis while retaining the constructive
advantages of classical contraction methods.

Keywords: fixed point theory; generalized contractions; nonlinear analysis; Picard iteration; metric-
type spaces; b-metric spaces; Volterra integral equations; existence and uniqueness.

I. INTRODUCTION

Fixed point theory is a fundamental tool in nonlinear analysis for establishing the existence and
uniqueness of solutions to nonlinear equations and operator problems. Let (X) be a nonempty set and let
(T\rightarrow X) be a self-mapping. A point (x*{*}\in X) is called a fixed point of (T) if[T(x"{})=x"{}.]

When a nonlinear problem can be reformulated as (x=T(x)), its solvability may therefore be investigated
through the fixed points of the associated operator. This principle underlies numerous developments in
nonlinear equations, integral and differential equations, iterative methods, optimization, and dynamical
systems.

The Banach contraction principle provides the classical foundation for this approach. In a complete metric
space, a contraction has a unique fixed point, and the corresponding Picard iteration converges to it. Despite
its importance, the classical condition may be restrictive for nonlinear mappings whose behavior cannot be
controlled by a global Lipschitz constant strictly smaller than one. This limitation has motivated the
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development of broader contractive conditions that preserve existence, uniqueness, and iterative
convergence under weaker assumptions.

A particularly useful strategy is to define contractive behavior through combinations of several distance
terms rather than through (d(x,y)) alone. Such formulations may involve the displacements (d(x,Tx)) and
(d(y,Ty)), together with the cross-distances (d(x,Ty)) and (d(y,Tx)). These quantities provide additional
information about the mapping's action and allow us to treat operators outside the scope of the standard
Banach inequality. However, the effectiveness of any generalized condition depends on whether it yields a
genuinely broader fixed-point principle while retaining a transparent convergence mechanism.

This study considers nonlinear mappings for which the classical contraction inequality may fail, but a
suitable max-type condition involving direct, displacement, and mixed-distance terms can still control the
iterative process. The central question, therefore, is whether such a generalized contractive structure is
sufficient to guarantee the existence and uniqueness of a fixed point and the convergence of the associated
Picard sequence in a complete metric space.

To address this problem, the present study develops a generalized max-type contraction framework and
establishes a corresponding fixed-point theorem. Under the stated assumptions, the analysis shows that the
Picard sequence is Cauchy and converges to a unique fixed point. The proposed formulation extends the
classical contraction mechanism by incorporating additional distance components that describe both point
separation and mapping-induced displacement.

The study's main contribution is threefold. First, it formulates a generalized max-type contractive
condition that combines direct, displacement, and cross-distance terms within a unified structure. Second, it
establishes existence, uniqueness, and Picard convergence through a complete theoretical argument. Third,
it demonstrates the result's applicability through mathematical examples involving a nonlinear algebraic
equation, a nonlinear discrete dynamical system, a Volterra-type integral equation, and a b-metric setting.
These examples verify the theorem's assumptions and illustrate situations where generalized contractive
behavior can be more flexible than the classical contraction requirement.

The remainder of the paper is organized as follows. Section II presents the mathematical problem and
study objectives. Section IIl summarizes the relevant developments in generalized contraction theory.
Section IV introduces the definitions and notation required for the analysis. Section V establishes the main
theoretical result. Section VI describes the analytical procedure used to apply the theorem. Section VII
presents the mathematical examples and applications. Sections VIII and IX summarize and discuss the
principal findings, respectively, and Section X concludes the paper.

II. LITERATURE REVIEW

Recent work has broadened fixed point theory through controlled, F-metric, and b-metric formulations.
Researchers established common fixed-point theorems in controlled metric spaces using generalized
contractions with control functions and demonstrated practical applications [1]. Generalized (a, 3, V)-
contractions in F-metric spaces were then used to derive fixed point results and an application to a nonlinear
neutral differential equation with unbounded delay [2]. Generalized O_b-contractions and related
multivalued formulations further extended fixed-point analysis in b-metric spaces using b-Bianchini-
Grandolfi gauge functions [3].

Rational-type contractive inequalities in extended b-metric spaces generated fixed point theorems
supported by examples and broader generalizations [4]. Generalized contractions in spaces with altering
metrics addressed both fixed point existence and continuous dependence on data [5]. Multivalued weighted
mean contractions in symmetric generalized metric spaces also produced Nadler-type fixed point results for
multivalued mappings [6].

Generalized weakly contractive mappings in metric spaces yielded existence and uniqueness results,
coupled fixed point consequences, and applications [7]. Rational multivalued contractions on metric spaces
endowed with a graph combined graph structure with generalized inequalities to obtain fixed point
theorems [8]. A new rational contraction in double controlled metric-like spaces strengthened recent results
in controlled generalized distance settings [9].
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Common fixed point theorems for finite families of single-valued and multivalued mappings in ordered
Banach spaces were connected with integral inclusion applications [10]. Generalized contraction classes in
graph-endowed b-metric spaces established common fixed point results through graph-based admissibility
[11]. Related work in complete b-metric-like spaces developed generalized contractive and graph-contraction
results supported by comparative examples and an application [12].

Fuzzy F-contractions in fuzzy metric spaces provided a simplified framework for deriving fixed-point
theorems [13]. Generalized weak contractions in partially ordered b-metric spaces established fixed-point,
coincidence, coupled coincidence, and coupled common fixed-point results [14]. b-Hybrid contractions in b-
metric spaces provided unique fixed point results together with a Ulam-type stability consequence [15].

Weak cyclic compatible contractions combined with altered distance functions produced coincidence and
common fixed-point results, with illustrative examples [16]. Researchers proposed extended rectangular b-
metric spaces as a framework encompassing rectangular metric and rectangular b-metric settings [17].
Almost weak contractions in S-metric spaces yielded fixed and common fixed point results and an
application to conformable differential equations [18].

Generalized contractible operators in modular G-metric spaces led to fixed and common fixed point
theorems and clarified modular G-continuity [19]. Geraghty-type conditions combined with «, 1V, and ¢
functions yielded common fixed-point results in partially ordered metric-like spaces [20]. New results in
fuzzy b-metric spaces introduced a useful Cauchy criterion that simplified fixed-point proofs [21].

Researchers analyzed nonlinear contractive mappings in ordered b-metric spaces using auxiliary
functions, yielding fixed, coincidence, and common fixed-point results [22]. Generalized rational-type
contractions in partially ordered metric spaces established existence and uniqueness under ordered metric
conditions [23]. Nonlinear contractions in quasi-metric spaces showed that common fixed-point theory can
be adapted to non-symmetric distance structures [24].

Researchers studied single-valued and multivalued mappings in strong b-metric spaces using Ciric-,
Nadler-, Banach-, and Chatterjea-type conditions [25]. Multivalued Khan-type ({, ¢)-contractions in
complete metric spaces obtained fixed point results under fewer assumptions [26]. Generalized ({, ¢)-weak
contractions in Branciari-type generalized metric spaces supplied a convergence theorem under weakened
conditions [27].

Self and non-self F-contractions in graph-endowed metric spaces extended graph-based fixed point
theory to broader mapping classes [28]. Common fixed point theorems for (T,g)_F-contractions in b-metric-
like spaces were supported by an illustrative example and an application [29].

Overall, the literature developed through two complementary strategies: broadening the contractive
inequality and generalizing the underlying distance space. Together, the reviewed studies cover weak, cyclic,
F-type, Geraghty-type, rational, hybrid, O-type, and auxiliary-function contractions across b-metric, b-
metric-like, rectangular, quasi-metric, fuzzy, S-metric, Branciari-type, modular G-metric, controlled, and
altered metric settings [1]-[29]. These developments justify moving beyond the classical Banach contraction
principle when nonlinear equations, integral equations, and dynamic systems do not satisfy a simple
Lipschitz contraction.

The main research gap is the limited connection between abstract generalized contraction theorems and
transparent, computable iterative procedures. Many studies emphasize existence and uniqueness, whereas
fewer provide numerical iteration tables or compare convergence across nonlinear equations and integral
operators. This study addresses this gap by combining a generalized fixed-point theorem with Picard
iteration examples, operator estimates, and comparative convergence tables.
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Table 1. Comparative synthesis of generalized fixed-point results in metric-type spaces.

Mathematical Contractive  condition / Main contribution or

Ref. Study . .

setting method application

1] Al-Mazrooei & Controlled metric Generalized contractions Common fixed point theorems
Ahmad (2022) spaces with control functions and applications.

Al-Mezel et al. . Generalized (a, 3)- psi- leec'i pc?lnt theorer'ns and

[2] F-metric spaces . application to nonlinear neutral
(2020) contractions - . .

differential equations.
Generalized theta_b- Multivalued fixed point
[3] Ali et al. (2022) b-metric spaces contractions; multivalued theorems using b-Bianchini-
formulation Grandolfi gauge functions.
Fi int th
Algahtani et al. Extended b-metric Rational-type contractive ixed point t eorems support.ed

[4] . .\ by examples; generalizes earlier

(2019) spaces inequalities
results.
Branga & Olaru  Altered metric Generalized contractive lee(,i point results and

[5] .. continuous data dependence of
(2022) spaces conditions . .

fixed points.
Symmetric . . . .
Multivalued hted Nadler-type fixed t 1t
(6] Bucur (2020) generalized metric ultivalued weighted mean adler-type fixed point results
contractions for multivalued maps.
spaces
Generalized weakl Existence and uniqueness of
[7] Cho (2018) Metric spaces . o fixed points; coupled fixed point
contractive mappings ..
theorem and applications.
Fi int th h h

8] Choudhury et Metric spaces with Generalized rational r;(ii)igloi?; tuj?i:erzg drorl;gh

al. (2021) a graph multivalued contraction ity grap
structure.
Improves recent fixed point
Deng et al. Double controlled . . . .

[9] L New rational contraction results in controlled metric-like

(2022) metric-like spaces
spaces.
Farid et al. Ordered Banach Finite families of. single- Common f1x¢.ed p01.nt theorems

[10] valued and multivalued and integral inclusion
(2018) spaces . —

mappings applications.

[11] George et al. b-metric spaces Generalized contraction Common fixed point results
(2019) with a graph classes using graph structure.
Hammad & De ~ Complete b-metric-  General contractive and Fixed anc.l common ﬁ)fed pomnt

[12] ) . . results with comparative
la Sen (2019) like spaces graph contraction mappings

examples.
Simplified fuzzy F-contraction
Huang et al. . . e .

[13] Fuzzy metric spaces  Fuzzy F-contraction framework with fixed point

(2021)
results.
Kalyan} & Partially ordered b-  Generalized weak contraction Fl)_(edf coincidence, coupled

[14]  Seshagiri Rao . . o . coincidence, and coupled

metric spaces with auxiliary functions . .
(2022) common fixed point results.
. Unique fixed point results and

[15] Karapinar & b-metric spaces b-hybrid contractions Ulam-type stabilit
Fulga (2019) y y y

consequences.
Kumari et al. Cyclic metric (psi, phll)—weak cych.c Co'mc1dence an.d c.ommon.flxed

[16] compatible contractions; point results with illustrative

(2018)

framework

altering distance functions

examples.
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Mathematical Contractive  condition / Main contribution or
Ref. Study . R
setting method application
Mustafa et al. Extended . Contractive mappings in a Framework gene.rahzmg
[17] rectangular b-metric . rectangular metric and
(2019) new generalized space .
spaces rectangular b-metric spaces.
Nashine et al. . (psi-phi)-almost weak leed/common. fixed Pomts and
[18] S-metric spaces . conformable differential
(2020) contractions . .
equation application.
Okeke et al. Modular G-metric Generalized contractible le.ed points, common fixed
[19] points, and modular G-
(2021) spaces operators ..
continuity.
. . . Common fixed point results in
Qawaqneh etal.  Partially ordered Generalized Geraghty (o, psi, .
[20] .l . . . an ordered metric-like
(2018) metric-like spaces phi)-quasi contraction .
environment.
implifi f f
Rakic et al. Fuzzy b-metric Cauchy criterion and Simplified proo® strategy o
[21] . .\ fuzzy b-metric fixed point
(2020) spaces contraction conditions
theorems.
lized (phi, psi)-weak . -
Ordered b-metric Genera 1.ze (P ! pSl,) .wea Fixed, coincidence, and common
[22] Rao et al. (2020) contraction with auxiliary . .
spaces . fixed point results.
functions
Seshagiri Rao &  Partially ordered Generalized rational type E.XIStenC,e an.d Hniqueness Of,
[23] . . . fixed points in ordered metric
Kalyani (2021) metric spaces contraction .
settings.
Shatanawi & (psi, phi)- quasi-contraction Common fixed point results
[24]  Abodayeh Quasi-metric spaces pst P q . pomtres
(2019) for pairs of functions under non-symmetric distance.
assaddiq et al. trong b-metric iric, Nadler, Banach, an ingle-valued and multivalue
25] Tassaddiq et al Strong b i Ciric, Nadler, B h, and Single-valued and multivalued
(2022) spaces Chatterjea-type contractions fixed point results.
Complete metric Generalized multivalued Multivalued fixed point
[26] Xiao et al. (2019) s acef)s Khan-type (psi, phi)- theorems under fewer
P contractions assumptions.
Branciari . . .
[27]  Xue&Lv(2021)  generalized metric Generah.zed (psi, phi)-weak New convergence t}.@orem
contractions under weaker conditions.
spaces
Younus et al. Metric Spaces Self and non-self GF/F- Graph-based extensions for self
[28] endowed with a . .
(2020) contractions and non-self mappings.
graph
fixed-point th 3
[29]  Yuetal. (2018) b-metric-like spaces  (T,g)_F-contraction Common fixed-point theorems

examples, and applications.

IIT. PROBLEM STATEMENT, AIM, OBJECTIVES, AND QUESTIONS

1. PROBLEM STATEMENT

Many nonlinear problems cannot be solved directly using elementary analytical methods. Although the
classical Banach contraction principle is effective, its strict contraction assumption limits its application. This
research examines how generalized fixed-point results can solve nonlinear problems when the standard
contraction condition is too restrictive.

2. AIM OF THE STUDY

The aim of the study is to investigate fixed-point results under generalized contractive conditions and
demonstrate their applications in nonlinear analysis within a rigorous analytical framework.
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RESEARCH OBJECTIVES

To explain the role of fixed point theory in nonlinear analysis.

To define the main mathematical concepts required for the study.

To formulate a generalized contractive condition suitable for proving fixed point results.

To prove an existence, uniqueness, and convergence theorem for the selected contraction framework.
To apply fixed point techniques to nonlinear equations, integral equations, and dynamic systems.

To support the theoretical results with numerical iteration tables and operator estimates.

......_QJ

RESEARCH QUESTIONS

How do generalized contractive conditions extend the classical Banach contraction principle?

Under what assumptions does a generalized contraction have a unique fixed point?

How can Picard iteration be used to approximate the fixed point of a nonlinear mapping?

How can fixed point methods be used to prove existence and uniqueness of solutions for nonlinear
equations?

How can fixed point techniques be applied to nonlinear integral equations and dynamic systems?

How do the selected examples demonstrate convergence toward a fixed point?

Because the study is theoretical, research questions are more suitable than statistical hypotheses. The
testable mathematical claims are stated as theorem-based propositions.

....HA

IV.PRELIMINARIES AND BASIC DEFINITIONS
The following definitions establish the notation and analytical framework used throughout the paper.

1. METRIC SPACE

Let X be a nonempty set. A function d: X x X — [0,%) is called a metric on X if, for all x, y, z in X, the
following conditions hold:

d(x,y) =0if and only if x =y;

d(xy) = d(y,x);
d(x,z) <d(xy) + d(y,z).
The pair (X,d) is called a metric space.

2. COMPLETE METRIC SPACE

A metric space (X,d) is complete if every Cauchy sequence in X converges to a point in X. Completeness
matters because fixed-point proofs often construct a Cauchy sequence by iteration and then use completeness
to guarantee the existence of its limit.

3. FIXED POINT
Let T: X — X be a self-mapping. A point x* in X is called a fixed point of T if
Tx* =x"

4. PICARD ITERATION
Given an initial point X, in X, the Picard iteration associated with T is defined by

Xpne1 = Txy, n=2012,...

If the sequence {x,} converges to x* and T is suitably continuous or contractive, then x* is usually a fixed
point of T.

5. CONTRACTION MAPPING
A mapping T: X — Xis called a contraction if there exists a constant k with 0 <k <1 such that

d(Tx,Ty) < kd(x,y).
for all x,y in X. The constant k is called a contraction constant.
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6. GENERALIZED CONTRACTIVE MAPPING
In this study, the main generalized contraction is a max-type contraction. A mapping T: X — X is said to
satisfy the selected generalized contractive condition if there exists k in [0,1) such that

d(x,Ty) + d(y, Tx)}

2

for all x, y in X. This condition is broader than the ordinary Banach contraction because it includes the
displacement terms d(x,Tx) and d(y,Ty) and mixed terms involving x, y, Tx, and Ty.

d(Tx,Ty) < kmax {d(x, y), d(x,Tx), d(y,Ty),

7. B-METRIC SPACE
Let X be a nonempty set and s > 1. A function d_b: X x X — [0,%0) is called a b-metric if, for all X, y, zin X,

dy(x,y) =0 & x=y;
db(x:Y) :db(y'x);
db(xiz) < S[db(xiy) + db(yiz)]-

The number s is called the coefficient of the b-metric. Every metric is a b-metric with s =1, but a b-metric
need not be an ordinary metric.

8. SUPREMUM NORM
For the space C[0,1] of continuous real-valued functions on [0,1], the supremum norm is defined by
Il ulleo= sup,_,, lu(®l.

This norm is used in the integral equation example because integral operators are naturally defined on
spaces of continuous functions.

V. THEORETICAL FRAMEWORK AND MAIN THEORY

The main theoretical framework converts nonlinear problems into fixed-point problems and then applies
a generalized contractive condition. The central idea is to show that the Picard sequence generated by the
mapping is Cauchy, that it converges by completeness of the space, and that its limit is the unique fixed
point.

1. MAIN THEOREM
Theorem. Let (X,d) be a complete metric space, and let T: X — X be a mapping satisfying
d(x,Ty) + d(y, Tx)}
> .

for all x,y € X, where 0 <k <1. Then T has a unique fixed point x* in X. Moreover, for any initial point x,
€ X, the Picard sequence xp+=Tx, converges to x*.

d(Tx,Ty) < kmax {d(x, y), d(x,Tx), d(y, Ty),

9. PROOF OF THE MAIN THEOREM

Proof. Let xo be any point in X and define the Picard sequence by xp+=Txyn. If X5 = X+ for some n, then x,
is a fixed point and the existence part is proved.

Otherwise, assume X, # Xq+ for all n.

Put ap = d(xn,Xn*1). Using the contractive condition with x = x,, and y = x,+, we obtain

A1 = d(Txn: Txn+1)-

d(xn: Txn+1) + d(xn+1: Txn)}
2 .

Appq < kmax {d(xn, Xna1)r A(n, Txn), (X1, TXpe1),

Since Tx, = xp+1 and Txy+1 = X+, this becomes

d(xp, xn+2)}

Apiq < kmax {an, A, Apats >
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d(xnt xn+2) < ap t apyge
an + an+1}
—
If the maximum is ap+;, then ay+1 < k ap+1, which implies ap+=0 because k<l. Otherwise, ap+1 < k ap.
Therefore, in all cases,

Apt1 < kmax {an, Uit

Anir < kay,.
By induction, a, < k"ao. For m>n, the triangle inequality gives
le
dxp,xp) <ap+app1 + o+ a1 < mag.

Since 0 <k <1, the right-hand side tends to 0 as n tends to infinity. Thus {x,} is a Cauchy sequence. Because
X is complete, there exists x* in X such that x, — x*.

It remains to show that x* is a fixed point. Using the triangle inequality and the contractive condition,
d(x*,Tx*) < d(x*,xp41) + d(Tx,, Tx*).

Taking the limit as n tends to infinity and using x, — Xx*, x,+1 — x*, and the contractive condition, we
obtain
d(x*,Tx*) < kd(x*,Tx™).

Since k<1, it follows that d(x*, Tx*)=0. Therefore Tx* = x*, so x* is a fixed point of T.

To prove uniqueness, suppose that p and q are two fixed points of T. Then Tp=p and Tg=q. Applying the
contractive condition gives

d(p,q) +d(q,p))| _
f} =kd(p,q).

Since k<1, this implies d(p,q)=0, and hence p=q. Therefore the fixed point is unique. The theorem is
proved.

d(p,q) = d(Tp,Tq) < kmax {d(p, q), 0,0,

2. REMARKS ON THE THEOREM

The theorem contains the idea of the Banach contraction principle but allows a more flexible contractive
expression.

The proof shows that convergence is not only theoretical; Picard iteration makes it constructive.

The theorem serves as the central mathematical result of the research, while the following examples serve
as applications.

VI. PROPOSED METHOD

The study uses an analytical mathematical method supported by numerical examples. It does not rely on
questionnaires, interviews, or statistical sampling. The analysis is based on mathematical objects, including
mappings, equations, operator estimates, iteration sequences, and convergence tables.
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1. METHODOLOGICAL STEPS
FIGURE 1. Proposed method for the fixed point study.

1 Define mathematical setting
complete metric space or b-metric space

¥

Specify generalized contraction

’ 2 ‘ choose the mapping 7" and the contractive condition |
4
3 Construct Picard iteration
Zny1 = T(zn)
L . = — 3
4 Prove convergence
show the sequence is Cauchy and convergent
+
5 Establish main result
existence and uniqueness of the fixed point
i
6 Apply the theorem
nonlinear equation, dynamic system, integral equation, b-metric example
E— 3
= Interpret numerical results
compare convergence behavior and mathematical significance
B 4
| Outcome a generalized fixed point framework for nonlinear analysis I

The workflow summarizes the analytical steps from defining the mathematical setting to interpreting the
numerical results.
¢ Define the mathematical setting, such as a complete metric space, a b-metric space, or a continuous function
space.
State the mapping T and verify that T maps the chosen space into itself.
Verify the appropriate contractive condition and identify the contraction constant whenever possible.
Apply the main fixed point theorem to obtain existence and uniqueness.
Use Picard iteration x,+=Tx, to approximate the fixed point.
Present convergence tables and interpret them in relation to the theoretical framework.

N

. SCOPE AND DELIMITATIONS

The research is limited to fixed point theory, generalized contractive conditions, and selected nonlinear
applications. The analysis focuses on a selected generalized contraction framework rather than an exhaustive
treatment of all fixed point variants.

3. VALIDITY OF THE MATHEMATICAL METHOD

The study's validity rests on logical proof, correct verification of assumptions, and reproducible
numerical iteration. Each example must clearly state the space, mapping, contractive property, fixed point,
and convergence behavior. Because the study does not involve human participants or private data, it raises
no direct ethical concerns related to data collection.

VII. ANALYTICAL EXAMPLES AND APPLICATIONS
The following examples provide the analytical basis for the research. They represent nonlinear equations,
dynamic systems, integral equations, and metric-type fixed point settings. Each example verifies the
theoretical framework's assumptions and illustrates convergence behavior.

1. EXAMPLE 1: NONLINEAR EQUATION
Consider the nonlinear equation

X = COSX.
Define T: [0,1] — [0,1] by T(x)=cos(x). Since cos(x) lies between cos(1) and 1 for x in [0,1], the mapping
sends [0,1] into itself. Also, by the mean value theorem,

IT(x) = T(y)| < sin(1) |x — yl.
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where sin(1)<1. Therefore, T is a contraction on [0,1], and the equation has a unique fixed point. Using
x0=0.5, the iteration xn+1=cos(xn) gives the following data.

Table 1. Picard iteration for x = cos(x).

n Xn Ixy -l

0 0.500000  0.239085
1 0.877583  0.138497
2 0.639012  0.100073
3 0.802685  0.063600
4 0.694778  0.044307
5 0.768196  0.029111
6 0.719165  0.019920
7 0.752356  0.013271
8 0.730081  0.009004
9 0.745120  0.006035
10  0.735006  0.004079
11 0.741827  0.002741
12 0.737236  0.001849

The approximate fixed point is a = 0.739085. This example shows how to solve a nonlinear algebraic
equation by converting it into a fixed-point problem.

0.95 q

0.50 1 0877583

0.85 4

0.802685
0.80 4
0.768196

0.75 4 125 0745120
X i . 0.730081 Fixed point alph
0.735006
0.70 4 0.719165
0.694778

0.65 4
0.639012

0.60 4

0.55 4

0.500000

0.50 e T T T T T T T T T T
0 1 2 3 Bl 5 6 7 8 9 10
Iteration n

Figure note: The sequence converges to the unique fixed point

FIGURE 2. Convergence of Picard iteration for the nonlinear equation x = cos(x).
Figure note: The sequence oscillates around the fixed point and converges steadily to the unique solution.

2. EXAMPLE 2: NONLINEAR DYNAMIC SYSTEM
Consider the nonlinear dynamic system

Xp41 = 1+ 0.4sin(x,,).
Define T: R — R by T(x)=1+0.4 sin(x). Since
|T'(x)| = |0.4cosx| < 0.4 < 1.

the mapping is contractive on R. Therefore the dynamic system has a unique equilibrium point, and the
iteration converges to it.

10
VOLUME 2, No 1, 2025


https://doi.org/10.48161/aaj.v2n1a88

AUREUM ACADEMIC JOURNAL
VOL. 2, NO. 1, March 2025
https://doi.org/10.48161/aaj.v2n1a88

Table 2. Picard iteration for the nonlinear dynamic system.

Xn Ixy - xl

0.000000 1.393747
1.000000 0.393747
1.336588  0.057159
1.389079  0.004668
1.393414  0.000333
1.393724  0.000023
1.393745  0.000002
1.393747  0.000000

N U W N = O

The approximate fixed point is o = 1.393747. The fast convergence is consistent with the small contraction
constant k=0.4.
Tty = 1+ 0.4 sin(z,), 2o = 0; fixed point a ~ 1.393747
1.6

Fixed point alpha

14 1.389079 1393414 1393724 1393745 1.393747
Fo-emsemscecececcccceceacaooogana o ° . ® -1

1.336588

1.0 4 1.000000

0.8

0.6 1

0.4 4

0.2

0.000000
0.0 T T T T T T r
0 1 2 3 4 ) 6 7

Iteration n

Rapid convergence reflects the contraction property of the mapping.

FIGURE 3. Convergence of picard iteration for the nonlinear dynamic system.
The rapid approach to the fixed point reflects the mapping's strong contraction property.

3. EXAMPLE 3: NONLINEAR INTEGRAL EQUATION
Consider the Volterra-type nonlinear integral equation

u(t) =t2+0.2 J-t(t — s) tanh(u(s)) ds, 0<t<1.
Define the operator T on C[0,1] by 0
(Tw)() =t2+0.2 ft(t — s) tanh(u(s)) ds.
For u,v in C[0,1], and using the fact that tanh is L;pschitz continuous with constant 1, we have

[(Tw)(t) — (Tv)(t)] < 0.2 J-t(t —-5) |tanh(u(s)) - tanh(v(s))| ds.
0
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0.2 ft(t —5) |tanh(u(s)) — tanh(v(s))| ds <0.2 ft(t —s)llu—vls ds.
0 0

t
O.ZJ- =D Nlu—vle ds=012 | u—V 1< 0.1 | U — ¥ llop.
0

Taking the supremum over t in [0,1] gives
ITu =Ty o< 011U —V lleo.

Thus T is a contraction on C[0,1]. Therefore the integral equation has a unique continuous solution, and
Picard iteration converges to it.

Table 3. Picard approximations for the nonlinear integral equation.

Step  u(0) u(0.25)  u(0.50)  u(0.75)  wu(1.00)

0 0.000000  0.000000  0.000000 0.000000 0.000000
1 0.000000 0.062500  0.250000 0.562500  1.000000
2 0.000000 0.062565 0.251037 0.567660 1.015642
3 0.000000 0.062565 0.251039 0.567678 1.015724
4 0.000000 0.062565 0.251039 0.567678  1.015724

The table shows the approximate solution stabilizing after a few iterations. The contraction constant 0.1
explains the rapid convergence.

4. EXAMPLE 4: B-METRIC SPACE ILLUSTRATION
Let X=[0,1] and define
dp(x,y) = lx — yI.
This is not the ordinary Euclidean distance, but it is a b-metric. Indeed, for X, y,z in X,
lx—z> < (x—yl+ly—zD* <2(lx —yI* + |y — 2z|%).
Therefore
dy(x,2z) < 2[dp(x,y) + dp(y, 2)].
So d_b is a b-metric with coefficient s=2. Now define T(x)=x/4. Then

lx—yl*? 1
EETE 1—6db(X,Y)-

Thus T is contractive in the b-metric setting, and its unique fixed point is x*=0. This example illustrates
why generalized metric-type spaces are useful in fixed point theory.

dp(Tx,Ty) =

5. ROBUSTNESS CHECK FOR THE NONLINEAR EQUATION
A simple robustness check is to start the iteration x,+=cos(x,) from different initial values in [0,1]. The
table below records the number of iterations needed to reach an error below 104.

Table 4. Robustness check for different initial values.

Initial Iterations Approximation Final error
value
0.00 21 0.739184 0.000099
0.25 21 0.739173 0.000088
0.50 20 0.739007 0.000078
0.75 12 0.739181 0.000096
1.00 20 0.739184 0.000099
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The same fixed point is approached from different starting values, supporting the stability of the fixed-
point iteration on the selected interval.

VIII. RESULTS

The results follow from rigorous verification of the main fixed-point theorem and numerical evaluation
via Picard iteration. The selected examples show that the proposed fixed-point framework applies effectively
to nonlinear algebraic equations, discrete dynamical systems, integral equations, and generalized metric-
type spaces. In each case, we examine the required contractive assumptions and demonstrate the
corresponding convergence behavior analytically or numerically. The iterative results illustrate how
successive approximations approach the associated fixed point or solution under the stated conditions.
Overall, the findings confirm the theoretical consistency and practical applicability of fixed-point methods
across different classes of nonlinear problems.

Example 1 Example 2
Nonlinear Equation Dynamic System
Space: [0, 1] Space: R
Mapping: T (x) = cos(x) Mapping: T(x) = 1+ 0.4sin(x)
Approx. fixed point: (.739085 Approx. fixed point: 1.393747
Key message: Picard iteration Key message: Rapid convergence
converges steadily. under contraction.
Example 3 - Example 4
Integral Equation b-Metric Illustration
Space: clo, 1] Space: X = [0,1]
Operator: (Tu)(t) = t2+o,2/0'(t—s) tanh(u(s))ds Distance: dy(z,y) = |lz—yl|?
Condition: Tu — Tv| < 0.1 ||lu — v| Mapplng: i) oot
Fixed point: (0]
Key message: unique solution under Key message: the framework extends
SHPFCHIUIKLYI ORI beyond ordinary metric spaces.
Overall Insight
Generalized contractive conditions broaden the applicability of fixed point theory
in nonlinear analysis.

FIGURE 4. Fixed point framework and application summary.

The infographic integrates the four examples and highlights the broader applicability of generalized
contractive conditions.

Table 5. Summary of theoretical and numerical findings.

Maopi
Example  Application Space APPINg Constant  Fixed point/solution
operator
1 ith 1
1 Nonlinear equation [01] . wit usua T(x)=cos x sin(1)<1 0.739085
metric
2 Dynamic system R with usual metric ~ T(x)=1+0.4 sin x 0.4 1.393747
1 ith
3 Integral equation <ol Wi Volterra operator 0.1 Unique function u(t)
supremum norm
. [0,1] with ~
4 b-metric example d_b=Ix-y T(x)=x/4 1/16 0
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In the nonlinear equation x=cos(x), the sequence generated by x,+=cos(xn) approaches a = 0.739085. The
contraction property is supported by the derivative bound |T'(x)! < sin(1)<1 on [0,1].

In the nonlinear dynamic system x,+=1+0.4 sin(x,), the sequence converges rapidly to o = 1.393747. This
confirms the role of the contraction constant in determining convergence behavior.

In the nonlinear integral equation, the associated integral operator is contractive under the supremum
norm with constant 0.1. Thus, the operator's fixed point is the unique continuous solution of the integral
equation.

The b-metric example shows that fixed point theory extends beyond ordinary metric spaces. This
supports the importance of generalized metric-type frameworks in nonlinear analysis.

IX. DISCUSSION

The findings support the view that fixed point theory effectively solves nonlinear problems. By rewriting
an equation in the form x = Tx, the problem becomes a search for a fixed point of the mapping T. If the
mapping satisfies a suitable contractive condition, a theorem can establish existence and uniqueness rather
than trial computation.

The main theorem demonstrates that generalized contractive conditions can preserve the core conclusion
of the Banach contraction principle while allowing a broader inequality. This is important because many
nonlinear mappings involve displacement terms such as d(x,Tx) and d(y,Ty), which are not included in the
ordinary contraction condition.

The numerical examples show how the theoretical result becomes computationally meaningful. Picard
iteration gives a constructive method for approximating the fixed point. The dynamic system and integral
equation examples also show that fixed point theory is not limited to algebraic equations; it also applies to
iterative processes and operator equations.

The integral equation example is especially significant because many problems in applied mathematics,
physics, engineering, and population models can be represented by integral equations. Establishing a fixed
point for the associated operator is equivalent to proving the existence of a solution.

The b-metric example supports the use of generalized metric spaces. Although simple, it shows how a
nonstandard distance function can still support fixed-point analysis. Further work may examine stronger
applications in b-metric and related generalized metric structures.

A limitation of the study is its reliance on selected representative examples rather than a comprehensive
class of nonlinear applications. This limitation aligns with the paper's analytical scope, but it also suggests
further research through broader operator classes and comparative convergence studies.

X. CONCLUSION

This research has examined the role of fixed point theory as a rigorous analytical framework for
addressing nonlinear problems under generalized contractive conditions. The study was motivated by the
fact that many nonlinear equations, integral equations, and dynamic systems cannot be treated directly
through the classical Banach contraction principle because their associated mappings may not satisfy the
standard Lipschitz contraction condition. By adopting a generalized max-type contractive framework, the
paper extends fixed point theory beyond the classical setting while preserving the essential conclusions of
existence, uniqueness, and convergence.

The study's main theoretical contribution is formulating and proving a fixed-point result for a self-
mapping on a complete metric space that satisfies a generalized contractive inequality. The proof
demonstrates that the Picard sequence generated by the mapping is Cauchy, converges in the complete
space, and approaches a unique fixed point. This establishes a constructive method for approximating
solutions rather than merely proving their existence abstractly. In this sense, the theoretical result provides
both an analytical foundation and a practical iterative procedure for solving nonlinear problems.

The analytical examples further illustrate the framework's applicability. The nonlinear equation (x=\cos
x) shows how an algebraic problem can be transformed into a fixed-point problem and solved by successive
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approximation. The nonlinear dynamic system shows that contraction-based arguments can explain the
stability and convergence of iterative processes. The Volterra-type integral equation confirms that fixed-
point techniques effectively handle operator equations on spaces of continuous functions, while the b-metric
example highlights the relevance of generalized metric structures for extending fixed-point analysis beyond
ordinary metric spaces.

Overall, the findings confirm that generalized contractive conditions broaden the applicability of fixed-
point theory in nonlinear analysis. The numerical iteration tables and operator estimates support the
theoretical conclusions by showing clear convergence behavior in different mathematical settings. These
results emphasize the value of Picard-type iterative methods as reproducible tools for approximating fixed
points and interpreting solution behavior in nonlinear models.

Despite its contributions, the study remains limited to a selected generalized contractive condition and a
finite set of illustrative applications. Future research may extend the framework to wider classes of
generalized metric spaces, including partial metric spaces, cone metric spaces, modular metric spaces, fuzzy
metric spaces, and graph-based metric structures. Further work may also compare different contractive
conditions, investigate convergence rates more systematically, and apply the framework to broader classes
of nonlinear integral, differential, and fractional-order operators. Such extensions would strengthen the
connection between abstract fixed point theory and its computational and applied uses in modern nonlinear
analysis.
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  T   x ⋆ =   x ⋆ .


    x  n + 1 = T   x  n ,     n = 0 , 1 , 2 , … .


  d  ( T x , T y ) ≤ k   d  ( x , y ) .


  d  ( T x , T y ) ≤ k max  { d  ( x , y ) ,   d  ( x , T x ) ,   d  ( y , T y ) ,     d  ( x , T y ) + d  ( y , T x ) 2 } .


    d  b  ( x , y ) = 0   ⇔   x = y ;


    d  b  ( x , y ) =   d  b  ( y , x ) ;


    d  b  ( x , y ) =   d  b  ( y , x ) ;


    d  b  ( x , z ) ≤ s  [   d  b  ( x , y ) +   d  b  ( y , z ) ] .


    d  b  ( x , z ) ≤ s  [   d  b  ( x , y ) +   d  b  ( y , z ) ] .


  ∥ u  ∥ ∞ =   sup  0 ≤ t ≤ 1  | u  ( t ) | .


  d  ( T x , T y ) ≤ k max  { d  ( x , y ) ,   d  ( x , T x ) ,   d  ( y , T y ) ,     d  ( x , T y ) + d  ( y , T x ) 2 } .


    a  n + 1 = d  ( T   x  n , T   x  n + 1 ) .


    a  n + 1 ≤ k max  { d  (   x  n ,   x  n + 1 ) ,   d  (   x  n , T   x  n ) ,   d  (   x  n + 1 , T   x  n + 1 ) ,     d  (   x  n , T   x  n + 1 ) + d  (   x  n + 1 , T   x  n ) 2 } .


    a  n + 1 ≤ k max  { d  (   x  n ,   x  n + 1 ) ,   d  (   x  n , T   x  n ) ,   d  (   x  n + 1 , T   x  n + 1 ) ,     d  (   x  n , T   x  n + 1 ) + d  (   x  n + 1 , T   x  n ) 2 } .


    a  n + 1 ≤ k max  {   a  n ,     a  n ,     a  n + 1 ,     d  (   x  n ,   x  n + 2 ) 2 } .


  d  (   x  n ,   x  n + 2 ) ≤   a  n +   a  n + 1 .


    a  n + 1 ≤ k max  {   a  n ,     a  n + 1 ,       a  n +   a  n + 1 2 } .


    a  n + 1 ≤ k max  {   a  n ,     a  n + 1 ,       a  n +   a  n + 1 2 } .


    a  n + 1 ≤ k   a  n .


  d  (   x  n ,   x  m ) ≤   a  n +   a  n + 1 + ⋯ +   a  m − 1 ≤     k  n  1 − k   a 0 .


  d  (   x ⋆ , T   x ⋆ ) ≤ d  (   x ⋆ ,   x  n + 1 ) + d  ( T   x  n , T   x ⋆ ) .


  d  (   x ⋆ , T   x ⋆ ) ≤ k   d  (   x ⋆ , T   x ⋆ ) .


  d  ( p , q ) = d  ( T p , T q ) ≤ k max  { d  ( p , q ) ,   0 ,   0 ,     d  ( p , q ) + d  ( q , p ) 2 } = k   d  ( p , q ) .


  x = cos x .


   | T  ( x ) − T  ( y ) | ≤ sin  ( 1 )    | x − y | .


    x  n + 1 = 1 + 0 . 4 sin  (   x  n ) .


   |   T ′  ( x ) | =  | 0 . 4 cos x | ≤ 0 . 4 < 1 .


  u  ( t ) =   t 2 + 0 . 2   ∫ 0  t   ( t − s ) tanh  ( u  ( s ) )   d s ,     0 ≤ t ≤ 1 .


   ( T u )  ( t ) =   t 2 + 0 . 2   ∫ 0  t   ( t − s ) tanh  ( u  ( s ) )   d s .


   |  ( T u )  ( t ) −  ( T v )  ( t ) | ≤ 0 . 2   ∫ 0  t   ( t − s )  | tanh  ( u  ( s ) ) − tanh  ( v  ( s ) ) |   d s .


  0 . 2   ∫ 0  t   ( t − s )  | tanh  ( u  ( s ) ) − tanh  ( v  ( s ) ) |   d s ≤ 0 . 2   ∫ 0  t   ( t − s ) ∥ u − v  ∥ ∞   d s .


  0 . 2   ∫ 0  t   ( t − s ) ∥ u − v  ∥ ∞   d s = 0 . 1   t 2 ∥ u − v  ∥ ∞ ≤ 0 . 1 ∥ u − v  ∥ ∞ .


  0 . 2   ∫ 0  t   ( t − s ) ∥ u − v  ∥ ∞   d s = 0 . 1   t 2 ∥ u − v  ∥ ∞ ≤ 0 . 1 ∥ u − v  ∥ ∞ .


  ∥ T u − T v  ∥ ∞ ≤ 0 . 1 ∥ u − v  ∥ ∞ .


    d  b  ( x , y ) =    | x − y | 2 .


     | x − z | 2 ≤    (  | x − y | +  | y − z | ) 2 ≤ 2  (    | x − y | 2 +    | y − z | 2 ) .


    d  b  ( x , z ) ≤ 2  [   d  b  ( x , y ) +   d  b  ( y , z ) ] .


    d  b  ( T x , T y ) =      | x − y | 2 16 =  1 16   d  b  ( x , y ) .

